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ABSTRACT A matrix method is used to study the fluctuations of junctions and points along the chains 
in an undeformed phantom Gaussian network having the topology of a symmetrically grown tree. The 
fluctuations of the mean-square distances between any two points along the chain, or any two $-functional 
junctions, which are separated by several @-functional junctions, are calculated analytically. The basic results 
obtained in this paper will be used in subsequent papers to study the effect of deformation on fluctuations 
in elastomeric networks and the neutron scattering from undeformed and deformed networks. 

Introduction 
The statistical mechanics of random networks is most 

suitably described in terms of the phantom network model. 
The mathematical structure of the model was first outlined 
in detail by James1 and James and Guth.2 It  is based on 
assumptions describing the transformations of junction 
points, or cross-links, under macroscopic deformation. The 
mean positions of the junctions transform affinely while 
their instantaneous fluctuations are independent of ma- 
croscopic deformation. Junctions are joined by Gaussian 
chains which may pass freely through one another as they 
undergo rapid fluctuations according to the kinetic char- 
acteristics of polymeric media. 

The theory of James and Guth has subsequently been 
reinterpreted and improved by various  author^.^-^ Ref- 
erence to these papers in the order cited provides a com- 
plete survey of the development of the theory of phantom 
networks. The theory developed especially by Graessley,68 
Flory,' and Pearsons leads to the evaluation of various 
molecular dimensions. In the concise but elegant paper 
by Pearson,s the mean-square fluctuations of points along 
the chain contour are described as a function of network 
topology. Additionally, cross-correlations among fluctua- 
tions of two different points on a chain are determined. 
These developments direct attention, for the first time, to 
smaller length scales than the end-to-end chain dimensions 
in a network. In view of recent progress in experimental 
techniques, it now seems possible to determine directly the 
configurational properties of chains of networks at  the 
submolecular l e ~ e l . ~ ~ ~  The implications of the findings of 
Pearson for phantom networks are therefore of significant 
importance. However, to out knowledge, the mathematical 
details of his treatment of phantom networks have not 
appeared in the literature. 

In the present study, we therefore attempt to give the 
details of calculations that lead to the results obtained by 
Pearson and to generalize the problem to the case when 
two points are separated by several junctions. An expo- 
sition of the subject in full detail seems to be timely due 
to increasing interest in polymeric networks.1° In the 
following paper," we also consider fluctuations of the chain 
contour in affine as well as real networks. Consideration 
of transformations of various microscopic dimensions with 
macroscopic strain, for the phantom, affine, and the real 
network models, leads to results that may now directly be 
checked by experiments. 
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Review of the  Theory of Phantom Networks 
In this section we briefly review the mathematical fea- 

tures of the phantom network theory, using the notation 
of Flory7 and Pearson.s The reader is referred to these 
papers for details not covered in the present treatment. 
The network is assumed to consist of chains and junctions 
which can move freely through one another. Each chain 
is assumed to be Gaussian with the distribution W(r) of 
the end-to-end vector r given as 

Here, ( r 2 ) ,  is the mean-squared end-to-end distance of 
chains in the bulk unperturbed state. Angular brackets 
denote averaging over all chains of the network. 

Due to the phantomlike nature of chains and junctions, 
there are no intermolecular contributions, and the con- 
figuration partition function ZN for the network may be 
expressed as the product of configuration functions for its 
individual chains2 

(2) 

where C is a constant factor and the product includes all 
pairs of ij junctions connected by a chain. Equation 2 can 
be written as 

(3) 

where Ri and Rj are position vectors of junctions i and j ,  
rij = IRi - Rjl, and yij* = 3/2(ri?) ,  if junctions i and j are 
connected by a chain and yij* = 0 otherwise. Equation 3 
can be rewritten in the more convenient form 

ZN = C exp(-CCyijRi.Rj) = C exp(-{R)TI'{R)) (4) 

ZN = CIIexp(-3ri?/2 ( ri? ),) 
i < j  

ZN = C exp(-'/,CCyij*IRi - Rj12) 
i J  

i l  

where 
7 . .  = -y..* if i # j 

Z l  

and {R] = {Rl, Rz, ..., Rp] is the column vector formed by 
position vectors of all p junctions. The superscript T is 
the transpose, r is the symmetric square matrix comprising 
the elements yij, and a dot between vectors indicates the 
scalar product. 
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According to the theory, the p junctions of the network 
are comprised of a set (a) of fixed junctions po in number 
and a set I T )  of p, free junctions that fluctuate about a mean 
position. The latter set is the subject of the present study. 
The partition function of the network due to the fluctu- 
ating junctions is expressed as 

2N.r = c e x p [ - ( ~ ~ ) ~ I ' ~ ( ~ r ) ]  (6) 

Here, the index T indicates that the quantities of interest 
are for the fluctuating junctions, and 

(MrI = (RIT - RIT, R27 - R2r9 ..., Rfi, - R p , , !  (7) 

The bar superposed on the vectors in eq 7, and also in what 
follows, denotes the time average. 

The product of the fluctuations of two junctions i and 
j averaged over the network may be obtained from eq 6 
as 

sARi.ARj exp[-(AR,JTI',(AR,]] d(AR,) - ( ARiqARj) = - 

where 
d(AR,) I dAR1, dAR2, ... dAR,,, (9) 

and 

2, = ~ ~ X ~ [ - ( A R , ) ~ I ' , { A R , ) ]  d(AR,) = (d:rT)"" - (10) 

Use of eq 10 in eq 8 leads to 
3 
2 a In ldet I',l = -(I';l)ij (11) (ARj-ARj) = - - 

2 dYij 

where (I' ,- l) i j  is the ijth element of the inverse of I',. 
Equation 11 holds for all ij pairs of junctions joined di- 
rectly by a chain as well as those separated by more than 
one chain. 

The mean-square fluctuation of the distance ri, = IRi - 
Rjl between junctions i and j is 
((Arij)2) = ((ARi - ARj)2) = ( (ARJ2)  + ((Mj)2) - 

2(ARi-ARj) = Yz[(I';')ii + (I';')jj - 2(I';')ij] (12) 

The summary given in the preceding paragraphs for 
fluctuations in a phantom network is essentially the one 
given by Pearson.* For a further quantitative description 
of fluctuations in terms of network topology, the explicit 
form of I' and its inverse must be prescribed. 

The Matrix r and Its Inverse 
Interest in the present study is centered around the set 

(T) of free junctions only. We therefore drop the use of the 
subscript T in I' and R in what follows for the sake of 
brevity. 

The matrix I' is known as the Kirchhoff or valency- 
adjacency matrix4 in graph theory. Its form depends on 
the topological structure and connectivity of the network. 
In the present study, following Flory and Pearson, we 
consider only networks that have a treelike structure and 
are symmetrically grown about a central chain. For sim- 
plicity, all network chains are assumed to be of equal 
contour length. An example of the tetrafunctional sym- 
metrically grown network is shown in Figure 1. The 
network grows symmetrically from the central chain de- 
fined by the junctions l and 2. These two junctions con- 
stitute the first tier of junctions, and the second tier is 

9 

f26  

Figure 1. First three tiers of the symmetrically grown tetra- 
functional (6 = 4) network with a treelike structure. The junctions 
in subsequent tiers are numbered counterclockwise. 

made up of the six junctions numbered from 3 to 8. The 
third tier consists of the remaining 18 junctions, labeled 
from 9 to 26. The network is assumed to grow in this way 
where the junctions in a given tier are numbered coun- 
terclockwise as shown. By assumption, no loops exist in 
a symmetrically grown network of the form shown in 
Figure 1. The matrix I' for this tetrafunctional network 
is obtained according to eq 5 as eq 13, where y = 3/2(?), 
r -  

4 -1 -1  -1  -1 

1-1 4 1  - 1  - 1  - 1 1  I 
1 - 1  - 1  I:: 1 4 4  I- -1 - 1  -1 I 

- 1  - 1  - 1  

4 4  I -1 -1 - 1  

- 1  

I -11 

I 4 

4 

4 

4 

4 

4 

4 

4 

(13) 

and only the nonzero entries are indicated. The matrix 
is partitioned into submatrices for easy reference and grows 
toward the right and downward as the size of the network 
increases. .The highly regular form of I' follows from the 
numbering scheme shown in Figure 1. Thus the ith row 
or column is associated with the ith junction. The gen- 
eralization of I' to a network of junction functionality + 
is straightforward; each element along the diagonal equates 
to +, and there are + off-diagonal -1's in each row or 
column, with exception of the last tier, where -1 occurs 
only once. The tth diagonal square submatrix is associated 
with junctions of the tth tier. Since there are Nt = 
2(+ - l)t-l junctions in the tth tier, the tth diagonal square 
submatrix is of order Nt X NP For a given junction in the 
tth tier, a -1 to the left of the diagonal corresponds to 
connection to a junction in the (t - 1)th tier and + - 1 
subsequent -1's to connection with + - 1 junctions in the 
( t  + 1)st tier. 
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The matrix r may be diagonalized as follows: (1) Divide 
the last N, rows by 4 and add to the preceding Nt-l rows 
such that the -1's on the right of the diagonal vanish. This 
changes the diagonal elements of the ( t  - 1)st tier to 4 - 
(4 - 1)/4. (2) Divide the Nt-' rows of the ( t  - 1)st tier by 
4 - (4 - 1) /4  and add to the preceding Nt-' rows such that 
the -1's on the right of the diagonal vanish. This changes 
the diagonal elements of the ( t  - 2)nd tier into 

4 - (4 - U/[4 - (4 - 11/41 
Continuation of this elimination process eventually leads 

to a matrix whose diagonal elements a, are ordered as in 
eq 14. All off-diagonal elements in the upper right part 

Random Elastomeric Networks. 1. 1425 

Nt elements Nt elements 

(14) 

of the matrix are zeros with exception of the rI2 element, 
which is equal to -1. Indexing the a's by starting from the 
lower right corner as shown in eq 14 has the advantage of 
concise representation as will be obvious below. According 
to the procedure described above, the recurrence relations 
for ai are 

a1 = 4 
an = 4 - (4 - 1)/an-1 (15) 

a, = [(4 - lP+' - 1]/[(4 - l), - 11 (16) 
In the limit when the number of tiers goes to infinity 

lim a, = 4 - 1 (17) 

and the solution of eq 15 is 

n-m 

The determinant of I' for a finite system of t tiers is 
det (I') = yN(a,2 - l)a,  -lN~a,-zN~.. .azNt-~alN~ (18) 

where 
(4 - - 1 t 

N =  C N , = 2  
v = l  4 - 2  

The inverse of l? may now be obtained according to the 
relation = (adjoint rij)/det (r). 

Fluctuations of Two Junctions Joined by a Single 
Chain. The first four elements of r' follow from eq 11 
and the evaluation of I+-' as 

I =  <AR,*AR,> 
<AR,.AR,> <(AR, )2> 

(20) 

Elements of r' corresponding to fluctuations of junctions 
other than junctions 1 and 2, joined by a chain, are more 
complicated. However, in the limit when the number of 
tiers goes to infinity, all these elements go to the same 
limits, and eq 20 can be written for any pair ij of two 

junctions joined by a chain as 

The mean-squared fluctuation ( (Ar12)') in the distance 
between junctions 1 and 2, given by eq 12, is 

2(4 - l ) t  - 2 
(22) 

In the limit when t - m, eq 22 reduces, for any pair ij 
joined by a chain, to 

3 - 
27 (4 - l ) t + '  + (4 - l ) t  - 2 

3 2  2 ((AT..)') = - - = - ( r . . ' )  
27  4 4 O 

Fluctuations of Two Junctions Separated by Sev- 
eral Chains. In the case when two junctions m and n are 
separated by d other junctions, the average fluctuations 
are, for t - m 

The derivation of eq 24 is shown in the Appendix. When 
junctions m and n are separated by one chain only, d = 
0 and the fluctuations given by eq 24 reduce to those given 
by eq 21. 

The mean-squared fluctuations of the distance r,, are 

= - A&)') = 
2 

4(4 - 2)(d + 1) 

(4 - l)d+' - 1 

(4 - 1)' 
(rmn2)0 (25) 

since (r,,2)o = (d + l)(rl?)o = (3/2y)(d + 1). In the limit 
as d - m, we have 

When d = 0, eq 25 reduces to eq 23. 
Equation 26 may be written, with the help of eq 23, as 

(27) 

The relative value of the fluctuations ( (Arm,J2) measured 
with respect to the distance ( rmn2),, decreases, in the limit 
d - m, as d-l, but the absolute value of the fluctuations 
increases by the factor (4 - 1)/(+ - 2). The role of in- 
termediate junctions is specially important in the scat- 
tering of neutrons in the long-wavelength region, which will 
be considered in a subsequent paper. 

Fluctuations of Points along a Chain. The previous 
approach may be generalized to obtain fluctuations of any 
two points i and j on a network chain. We assume that 
all chains consist of n equal length segments and of n - 
1 junctions with functionality 2 which separate the seg- 
ments as shown in Figure 2. In this figure, a two-tiered 
network is shown with n = 4. In labeling the junctions the 
same convention is used as before, modified by the ne- 

((Armn)')d=- (4 - 1) 
((Ar,n)2)d=o (4 - 2) 

=- 
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(3) 18) 

6‘ 
25 ( 7 )  

14 11 

15 19 

(6) 
(5 )  

Figure 2. Tetrafunctional network with additional 2-functional 
junctions which separate each chain into n = 4 segments of equal 
length. The new method of labeling junctions for the first two 
tiers is shown. Numbers in parenthesis correspond to the previous 
method of numbering the @-functional junctions in Figure 1. The 
relation between new number ”of the @-functional junction and 
the old number m is m’ = n(m - 1) + 1. 

cessity of counting 2-functional junctions. The pattern of 
labeling is self-explanatory as is seen from the figure. The 
valency adjacency matrix for the network of Figure 2 may 
be written as eq 28. The matrix r of eq 28 is partitioned 
r -  

- 1  2 - 1  

-1 2 -1 

-1 4 

1 

1 

1 

-1 

- 1  

- 1  

1 1 

1 1 -1 

1 

2 -1 

-1 2 - 1  

-1 4 

2 -1 

-1 2 -1 

-1 2 -1  

-1 4 

2 -1 

-1 2 -1 

-1 2 -1 

-1  4 

2 -1 

-1 2 -1 

-1 2 -1 

-1 2 -1 1’” -1 2 -1 

-1  2 -1 

-1 2 -1 

-1 1 

(28) 

into two square submatrices belonging to tiers 1 and 2. A 
4-functional junction labeled as m in Figure 1 is now la- 
beled by m’ in Figure 2; it is represented by an entry of 
4 at the m’m’ position on the diagonal, where 

m’ = n(m - 1) + 1 (29) 

The entires of 2 along the diagonal refer to the 2-functional 
junctions. The matrix may be generalized to the case of 
@-functional junctions separated by n - 1 2-functional 
junctions. In this case, the matrix will contain a @ on the 
diagonal elements rYy where v is given by eq 29. The 
remaining elements of the diagonal will contain a 2 cor- 
responding to 2-functional junctions. Nondiagonal ele- 
ments ij of l? contain a -1 if junctions i and j are directly 
connected. Otherwise they are zero. In rows (columns) 
containing a 4, -1 occurs @ times if the @-functional 
junctions does not belong to the last tier. For a @-func- 
tional junction belonging to the last tier, there is a single 

-1 in the row (column). In general, the dimension of the 
square submatrix corresponding to the tth tier is N ;  X N;, 
where 

N’t = 2(@ - l)t-ln = Ntn (30) 

In each of these submatrices we can isolate sub-subma- 
trices of order n X n, corresponding to a given @-functional 
junction within a given tier. Each of these subsubmatrices 
has the form 

-1 2 -1 

-;* 2 -1 If 
- 1  2 -1 1 -1  + I  

In order to calculate the inverse of the matrix r, we use 
the method employed above for the system without 2- 
functional junctions. Accordingly, the -1’s in the upper 
(lower) half of the matrix r have to be eliminated, fol- 
lowing which the determinant equates to the product of 
the terms along the diagonal. We start from the rows of 
the last submatrix of r corresponding to the last tier of 
a symmetrically grown tree. The tth submatrix contains 
A, matrices which appear Nt = 2(@- l)t-l times. Diago- 
nalizing an A, matrix leads to 

( n  - 1 )+ - ( n  - 2 )  

3 4  - 2  
2 4  - 1  
- 

The product of the elements on the diagonal of the matrix 
given by eq 32 is equal to 

n@ - (n  - 1) (33) 
In diagonalizing the elements of the tth tier, we change 
the elements of the ( t  - 1)th tier from al = q5 to 

(34) 
(4 - l)[(n - l)a, - (n  - a1 

nu, - ( n  - 1) 

(4 - O[(n - Uak-1 - (n - 2)1 
a h = @ -  (35) 

a2=q5- 

or in general 

nak-1 - ( n  - 1) 

The determinant of the matrix r of a finite system of t 
tiers is given by the product 
det (I’) = yoN[na, - (n  - 1)IN1 X 

[nu2 - (n  - 1 ) p - I  ... - (n - 1)p-l)  x 
(nut2 - 2at(n - 1) + (n  - 2)) (36) 

The last term in eq 36 results from the first tier. Here N 
= 2n[(@ - l)t-  l]/(@ - 2) and yo = 3/2(r12)0 where (r12)o 
is the mean-square end-to-end distance for a single seg- 
ment. 

The solution of the recurrence formula given by eq 34 
and 35 is 

(37) 
n[(@ - - (4 - 1)1 + (4 - a[(@ - U k  + 11 

ak = 
n[(4 - I l k  - (4 - 1)1 + (4 - 2) 



0 - 1 + (0 - 2)[min (f ,  8 )  - @I - 9 0 - 1 + {(I - nc4 - 2) 

zrT+- 4 d0 - 2) + 0 

$44 - 2) 0 0(0 - 2) 0 
O(1 - 8)(0 - 2) 0 - 1 (0 - 2)[min (f, 8) - @I - 7 e 
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and 

where ( r12)o is the mean-squared end-to-end distance for 
a single segment, related to the mean-squared end-to-end 
distance of a network chain by 

so that 

The min ([,e) function appearing in eq 45 may also be 
written as 

(49) 

as was done by Pearson? although there were misprints 
in his formulas for nondiagonal elements. 

The fluctuations of the mean-square distance ( ( A F . , ) ~ )  
between points i and j is obtained by using eq 12 an;i' 45 
as 

min ({,e) = ({ + 6 - I{- Ol)/2 

Inasmuch as q is independent of the absolute position of 
i and j relative to the @-functional cross-links, ( (Ari,J2) 
depends only on the length of the sequence between points 
i and j. For finite number of tiers, when a, is given by eq 
37, the mean-square fluctuations in rjj become 

It  is seen from eq 51 that only the quadratic term in q is 
t-dependent. 

Fluctuations of Two Points on Chains Separated 
by Several c$-Functional Junctions. The results of the 
previous section may be generalized to the case where 
2-functional junctions are separated by several &functional 
junctions. Figure 3 depicts two points i and j separated 
by three 4-functional junctions, for example. The positions 
of junctions i and j (in units of the length of the chain 
between @-functional junctions) with respect to the nearest 
@-functional junction from the left are { and 0 (0 I 5; 0 < 
1). The ij elements of the inverse matrix of r for two 
points i and j separated by d @-functional junctions leads, 
in the limit t - m, to eq 52, if point i is on the left side 

= 3 x  ((a,)*) (-4%) 
(Wmj) ( ( a j ) * )  

[I + .w - 2)iw - 1) - e(e - 2)1 
$G#J - 2)($ - l)d 

(1 + r(4 - 2)1w - 1) - o(e - 2)1 6 - 1 

1 2y 

1 r(1 - S)($ - 2) 
e 

[ 
e o  - e)($ - 2) + e($ - N e  - l)d $44 - 2) $ [-+ (52) 

of point j. If point i is on the right side of point j ,  then 
j and { in the nondiagonal elements of eq 52 have to be 
interchanged. The derivation of eq 52 is shown in the 
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Figure 3. Two points i and j of the network separated by d = 
3 &functional junctions (where 4 = 4). The position of points 
i and j are measured with respect to the nearest &functional 
junction from the left in units of the length of the chain contour 
between &functional junctions. 

Appendix. The mean-square fluctuation in rij is obtained 
from eq 52 as 

c . 

n - d  I 

where the distance between i and j is now 
7 = d + 0 - { if point i is on the left side of point j 

if point i is on the right side of point j (54) 
In the special case when d = 0, eq 53 reduces to eq 50. 

When { = 0 and 19 = 1, eq 53 leads to eq 25. 
The important difference between the expressions given 

by eq 50 and eq 53 is that when the points i and j are not 
separated by a @-functional junction, ( (ArijI2) depends only 
on the relative distance between i and j ,  whereas the 
specific locations of i and j on the chains are required when 
they are separated by #-functional junctions. "his position 
dependence does not vanish even when d - m. In this 
limit, eq 53 gives 

lim ((ArijI2) = 

a = d + j - - O  

d-m 

Discussion 

The present paper forms a base for subsequent papers 
in which the effect of deformation on fluctuations in 
elastomeric networks (phantom and real) and scattering 
of neutrons from networks will be studied. 

By using a matrix approach and developing the recur- 
rence method to find the inverse of the matrix r, we were 
able to calculate the fluctuations of position of any junction 
and any point along the chain, as well as to calculate the 
fluctuations of the mean-square distance between any two 
points in the network. 

These two points can be separated by several @-func- 
tional junctions. In the special case when there are no 
+-functional junctions which separate two points we re- 
cover the results obtained earlier by Pearson.s 

The +-functional junctions which separate two points 
of the network have an important effect on its long- 
wavelength scattering of neutrons. In most neutron 
scattering experiments on networks, some deuterated 
chains are cross-linked with other nondeuterated chains 
to form a network. In such a case one measures the 
scattering form factor S(k) of a single labeled path prog- 
ressing through the network via numerous meshes.12 

The scattering law obtained by Pearsons corresponds to 

the different type of experiment where the labeled (deu- 
terated) chain is end-linked with nonlabeled chains, so one 
measures the form factor S(k) from a single mesh. 

The small-angle neutron scattering from random elas- 
tomeric networks will be studied by us in another paper. 

The present paper deals with chain dimensions and 
fluctuations in the undeformed phantom networks. In the 
following paper'l we study the effect of deformation on 
chain dimensions and fluctuations in the affine, phantom, 
and real networks. 
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Appendix 
We first derive eq 24 for fluctuations of #-functional 

junctions and then eq 52 for fluctuations of two points of 
the network separated by #-functional junctions. 

The position of a junction within the network can be 
described by one number i when the convention like that 
used in Figure 1 is applied or by two numbers (A,p). The 
first number X labels the tier to which junction i belongs 
and p is the number of junction within a given tier where 
the counterclockwise convention is used. 

1 5 p 5 2(# - 1 ) A - l  (AI)  

The number i of the junction is then (see Figure 1) 

(4 - 1 ) A - 1  - 1 
i = 2  + P  4 - 2  

For example, the junction with i = 12 in Figure 1 has ( A  
= 3, p = 4). To calculate the elements of the inverse matrix 
r-' we use the formula 

(I'-l)ij = (adjoint rij)/det I' (A31 

First we calculate minor Dii which is formed by crossing- 
out the ith row and the ith column of I' where i = (A, p). 
Using the previously described method of elimination of 
-1's on the right of the diagonal we obtain 
Dii = yN-l(u1N~a2N~-1 ... at+NA+l) x 

(at-,+,N"-'at-A+2NA-1-1 ... at-lNz-') x 
[a*t-h+Za*t-A+3 ... a*t-l(a@*t - 111 (A41 

where 
Nk = 2(#  - I)'-' (A51 

and N is given by eq 19. 
The coefficients ak are uneffected by crossing-out the 

ith row and the ith column and satisfy the recurrence 
formula (eq 15) with solution given by eq 16. The coef- 
ficients a*k which are effected satisfy the recurrence re- 
lations 

(4 - 2 )  
at-A+2 + l/at-A+l (A6) a*t-A+2 # - - = 

at-A+l  

and 
( 4 - 2 )  1 1 1  

~ k + l  + - - - a*k+l = # - - - - = 
ak a*k a*k 

(A7) 

for t - h + 2 5 k 5 t - 1. Using eq 11, 18, and A3, we 
obtain 
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-1 4 

-1 
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- 1  
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-1 -1 - 7  ---l-- 
I 

-1 -1 -1 

4 
I 
I 
I 

I 
4 

4 1  
4 1  

I 
4 
I 
! 4  

In the limit where the number of tiers is going to infinity 

a k = a = 4 - 1  ( A 9  

becomes k independent and eq A7 can be written as 
1 

a - -  
1 a*k - - = 
a a*k-l 

Because of eq A10 and A6, we have 

(a*, - :) a*t-la*t-2 ... = aA-3( a*t-X+2 - - :) - - ax-2 

( A l l )  

and eq A8 becomes 

The fluctuations of junction i are the same as fluctuations 
of junction 1 in the first tier given by diagonal elements 
of eq 21. 

We have proven rigorously an intuitive fact that in an 
infinite network with treelike topology all junctions are 
equivalent and each of them can be chosen as a central one. 
We will use this to calculate the correlations between 
fluctuations of the first junction in Figure 1 and the ith 
one, where i = (A, p) .  The number d of &functional 
junctions which separate junction number 1 from junction 
number i is 

d = X - 2 

if (4 - W1 + 1 I p I 2(4 - l)X-l (A13) 

if 1 I p I (4 - l)X-l 

d = X - 1 

Now we have to calculate the minor Dli which is formed 
by crossing-out the first row and the ith column of F. An 
example of such a minor is shown below 

i t h  
1 s t  

:p.i 
i + l  -1 I - 1  

(-1) - l  = (-1) -1 

-1 4 -1 4 

-1 

-1 4 -1 4 

( A 1 4 )  

Crossing out the first row and the ith column is equivalent 
to setting all elements in this row and column to zero with 
the exception of the element a t  their intersection which 
is set to 1. There is additionally the sign factor (-l)i+l. 
Then we interchange the f i t  row with the ith one and this 
changes only the sign of determinant. Generally the de- 
terminant obtained in this way differs from that of I’ only 
slightly. Instead of C#J it has 1 as the (i-i)th element and 
0 (or -1 if junction i is directly connected with junction 
1) as the (1-1)st element. In the first row -1 appears 4 
times (or only once if i belongs to the last tier) at the same 

positions as in the ith row of r. By using the method of 
elimination of nonzero elements on the right of the diag- 
onal, we easily see the following. In the diagonal submatrix 
corresponding to the Xth tier, all diagonal elements become 

with the exception of the (i-i)th element which is 
equal to 1. In the diagonal submatrix corresponding to 
the (A - 1)st tier, all diagonal elements become except 
one which is and is given by eq A6. This element 
during the diagonalization procedure effects one diagonal 
element in the (A - 2)nd tier and finally we obtain 
the recurrence relation A7 for these effected coefficients. 

The (2-2)nd diagonal element becomes a, if 1 I p I 
(4  - l)X-l or a*, if (4 - 1)”l + 1 I p I 2(4 - 1P-l. The 
most crucial element in the diagonalization procedure is 
the first -1 [circled in (A14)] in the first row at the position 
corresponding to the (A - 1)st tier. The remaining ( 4  - 1) 
-1’s in the first row which correspond to the (X + 1)st tier 
can be eliminated easily. We note that when the row 
containing a*t-X+2 is divided by a*t-h+2 and added to the 
first row, this -1 is eliminated but -l/a*,-x+2 appears in 
the first row at the position corresponding to the (A - 2)nd 
tier. If we divide the row containing a*t-X+3 by 

and add it to the first row, we eliminate 
-l/a*,-X+2 but -l/(a*,-x+.g*,-x+3) appears in the first row 
at  the position corresponding to the (X - 3)rd tier. The 
continuation of this process leads finally to 

-1 / ( a *  ,-~+2a*,-~+3 ... (A15) 

in the first or the second position in the first row, which 
corresponds to the first tier. If 1 I p I (4 - 1)”l then term 
A15 becomes the (1-1)st element of the minor and 

Dli = yN-1(-l)i+1(alNta2Nt-~ ... at+NA+l) x 
(at-h+lNA-1ut-X+2NA-l-1 ... ut-lNz-lat) (A16) 

If (4 - l)A-l + 1 I p I 2($ - W1, then term A15 becomes 
the (1-2)nd element of the minor and 

Dli = yN-l(-l)’+l(ulN~a2~t-~ ... at-XNA+l) x 
(at-X+1N~-1at-X+2N~-l-1 ... at-lNz-l) (A17) 

Using eq 11, 18, and A3 we obtain 

(A181 

with m equal 1 or 0. In the limit where the number of tiers 
t goes to infinity, because of (A9) we have 

3 1 

3 atm 
2~ (at2 - l)at-lat-2 ... at-x+2at-x+1 

(ARlsARi) - 

- - (ARi-ARi) = - 
2 Y  4(4 - 2)(4 - 1)X-l-m 

( A N )  

where d is the number of junctions separating junctions 
1 and i. Because for an infinite network all junctions are 
equivalent and each can be picked up as number 1, eq A19 
gives nondiagonal elements in eq 24. 

The derivation of eq 52 is similar to the derivation of 
eq 24. The position of point i within the network can be 
described by one number i when a labeling method like 
that used in Figure 2 is applied or alternatively it can be 
described by three numbers (A, p, v). The first number 
X labels the tier to which point i belongs, the second 
number p labels the chain within the given tier, and ine- 
quality (Al) is satisfied. The third number v describes the 
position of the point i within a given chain 

l l v I n + l  (-420) 

3 1 - 
2Y 4(dJ - 2)(4 - 
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, l h -  

-1 2 -1 I 
I 

2 -1 1 
I 
I 

-1 3 -1 -1 I 

2 -1 
I 
I 

-1 2 -1 I 
I 

-1 3 -1 -1 I 

-1 2 -1 

-1 3 -1 

/ l h  - 

-1 

1 
I 

I 

I 2 -1 

-1 2 -1 I 

-1 

-1 

-1 

- 1  

- 1  

I 

-1 2 -1 

-1 2 -1 

- 1  3 I 3 .  2 -1  

-1 2 -1 i 
-1 2 - 1  I 

( A 2 3 )  

Here n - 1 is the number of 2-functional junctions between 
&functional ones, so that each chain is divided into n 
segments of equal length. We use the convention that for 
X > 1, u has to be greated than 1; Le., although we count 
points within a given chain starting from the junction of 
the (X - 1)st tier, this point does not belong to the Xth tier. 
Equation A20 is equivalent to 

o r { l l  (A21) 

where { is defined by eq 44. The relation between the 
number i and (A, p, u )  is 

(6 - 1 ) A - 1  - 1 

(4 - 1) 
i = 2n + ( p  - 2)n + v (A22) 

for X > 1 or i = v for X = 1. For example point number 
i = 16 in Figure 2 has (A = 2, p = 3, u = 4) and the point 
with the number i = 30 would have ( A  = 3 , p  = 1, v = 2). 
As previously, one can prove rigorously that in the limit 
t - a, i.e., for an infinite network, all &functional junc- 
tions become equivalent and fluctuations of any point 
within the network whose fractional distance from the 
nearest #-functional junctioh is {are the same as fluctu- 
ations of a point with fractional distance {within the first 
tier. Because of this the diagonal elements in eq 52 are 
the same as diagonal elements in eq 45. To calculate the 
nondiagonal elements in eq 52, we use the same method 
we used earlier. For simplicity we assume that point i 
belongs to the first tier and i = (A = 1, p = 1, v = i) while 
point j is j = (A, pcLI v). We calculate the minor D ,  which 
is formed by crossing-out the ith row and the j t h  column 
of r. An example of matrix I' is given by eq 28. Per- 
forming the same operations as in (A14) the minor Dij 

becomes (- l ) I+J+ l  times the determinant formed from r 
in the following way. All elements of the j th row and the 
j t h  column are set to zero with exception of the (j-j)th 
element which is set to 1. The ith row is the same as the 
j th  row of r, only its (i-i)th element is changed to zero. 
An example is given in eq 23. We use the method de- 
scribed earlier of diagonalization of (A23) through elimi- 
nation of -1's on the right of the diagonal. The product 
of diagonal elements in the diagonal submatrix corre- 
sponding to the Xth tier gives 

[na,_x+1 - (n  - l ) ] ' y ( u  - l)[(n - u + l)ut-,+1 - (n  - u ) ] )  

(-424) 
where 

N ,  = 2n(# - I),-' (-425) 

and a,-,+, is given by recurrence formula 35 with the so- 
lution given by eq 37. The last term in (A241 is due to the 
diagonal sub-submatrix containing the (j-j)th element. 
The product of diagonal elements in the diagonal sub- 
matrix corresponding to the (A - 1)st tier is 

- (n - l)]N~-~-l  [ nu* t-x+2 - (n  - 111 (A26) 

where a*t-A+2, instead of eq 35, is given by 
[at-x+l(n - 1) - (n - 211 

[nat-x+l - (n - l)] 
- 2 

v - 1 
(A271 

The product of diagonal elements in the diagonal sub- 
matrix corresponding to the (A - 2)nd tier becomes 

- (n  - 1)]N~--r1[na*,-x+3 - (n  - 111 (A281 

-- a*t-,+2 = 4 - (4 - 2) 
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where 

[a*t-x+z(n - 1) - (n  - 3 1  
[na*t-x+z - (n  - 1)1 ( A 2 9  

etc., up to the second tier. The new coefficients a*k ef- 
fected by crossing out the ith row and the j th  column 
satisfy generally the recurrence relation 

a*k+l = 
[ak(n - 1) - (n  - 2)] 

[nak - (n  - l)] 
[a*k(n - 1) - (n  - 2)] 

[na*k - (n  - I)] 
- + - (+ - 2, 

(A30) 

for t - A +  2 I k I t - 1. 
Using the method described above we can semidiago- 

nalize almost the entire matrix in (A23) except the first 
submatrix corresponding to the first tier. The only term 
which is left outside this submatrix is one -1 in the ith row 
on the left of the (i-j)th element. The remaining -1's on 
the right can be eliminated easily. The -1 on the left is 
either on 0' - 1)st position or more to the left if point i is 
directly connected with the +-functional junction from the 
(A - 1)st tier [as in (A23)]. We will consider the more 
general case when -1 is on the 0' - 1)st position. The case 
when point j is directly connected with junction from the 
(X - 1)st tier corresponds to u = 2. Dividing by 2 the 
(i - 1)st row and adding to the ith one we get rid of -1 on 
the j - 1 position in the ith row but instead we have -1/2 
on the (i - 2)nd position. Multiplying the (i - 2)nd row 
of the partially diagonalized matrix (3/2 is now its 0' - 2, 
j - 2)nd element) by -1/3 and adding to the ith one we 
obtain -1/3 as its (i - 3)rd elements, and finally we obtain 
- l / ( u  - 2) as its (i - u + 2)nd element. The (i - u + 2, 
j - u + 2)nd element of the partially diagonalized matrix 
is ( u  - l ) / ( u  - 2) and when we multiply the 0' - u + 2)nd 
row by l / ( u  - 1) and add to the ith row we now obtain 
- l / ( u  - 1) in the ith row at the position which correspond 
to the (X - 1)st tier. The diagonal element of the partially 
diagonalized matrix at the same position is u * , - ~ + ~ .  
Multiplying the row containing by l/[a*t-x+2(u - 1)1 
and adding it to the ith row, we obtain -l/[a*,-x+z!u - l)] 
at  the position shifted by 1 to the left. The diagonal 
element at this position is 

(2a*,-x+z - l)/a*,-x+z (A31) 

Continuing the process we obtain 

-l/l[na*,-x+z - ( n  - 1)lb - l)l (A321 

in the ith row at the position corresponding to the (X - 2)nd 
tier. The continuation of this procedure leads finally to 

B = -l/{[na*,-1 - (n  - l)] ... [na*,-x+2 - ( n  - l ) ] ( U  - l)} 
(A331 

appearing in the ith row at the position corresponding to 
the first tier. If 

1 I p I (+ - 1 ) X - 1  (A341 

then B appears in the ith row at the first position, while 
if 

(4 - 1p-1 + 1 I /1 I 2(4 - 1)i-1 (A351 

then B appears in the ith row at (n  + 1)st position. Both 
cases are illustrated below, where the first submatrix 
corresponding to the first tier is shown. 

i t h  - 

( n  + 1 ) t h  - 

a: -1 

-1  2 - 1  

-1 2 -1  

- 1  2 -1  

B 0 
- 1  2 -1 

- 1  2 - 1  

-1 a. 
(A36)  

-1 2 -1  

- 1  2 - 1  

- 1  2 -1 

-1 2 -1 

The diagonalization of (A36) in the case of (A34) gives the 
value of determinant of (A36) which equals 

B [ ( n  + 1 - i)a, - (n  - i)] (-437) 
while in the case of (A35) the determinant of (A36) be- 
comes 

B[(i - l )a ,  - (i - 2)] (A38) 
In the first case 
D.. V = yoN-'(-l)'+j{[na1 - (n  - 1 ) I N t  ... [nat-x - 

(n  - l)]N~+l)([na,-x+l - (n  - 1)p-l ... [nat-l - 
(n  - l ) ]Nq[(n  - u + l)a,-x+1 - (n  - u ) ]  x 

[ (n  + 1 - i)a, - (n  - i)] (A39) 

and in the second case 

D, = yoN-'(-l)i+J([na, - (n  - 1)p ... [nat-x - 
(n  - l)]NA+l]{[nat-x+l - (n  - l)]N"-' ... [na,-1 - 

(n  - l)]N"'][(n - u + l)a,++1 - (n  - u)]  x 
[(i - l)a,  - (i - 2)] (A40) 

From eq 20, 36, and A3 
(ARieARj) = (3/2yo)[(n - u + l)a,-x+l - (n - u)] X 

[.a, - (a  - l)]/{[nat2 - 2a,(n - 1) + (n  - 2)] x 
[na,..l - (n  - l)] ... [na,-x+l - (n - l)]] (A41) 

where a = ( n  + 1 - i) /n or a = (i - l ) /n .  
In the limit t - m for an infinite network 

n + + - 2  
n ak = ( ~ 4 2 )  

becomes k independent and 

(A43) 
Here P = ( u  - l ) / n  and y = yo /n .  We should note that 
in the case of (A34) point j is on the left side of i, while 
in the case of (A35) point j is on the right side of i. Since 
we use the convention shown in Figure 3 and we measure 
the fractional distance of the point from the nearest 
junction on the left in the case (A34), 8 = 1 - and { = 
1 - a, while in the case of (A35) { = a and 8 = 0. In the 
case of (A35) when point i is on the left side of point j :  

(-444) 
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since the number of &functional iunctions which semrates (3) Duiser, J. A.; Staverman, A. J. In Physics ofNon-Crystalline 
two points is d = X 1. In the case of (A34) when point 
i is on the right side of point j ,  and 6 in eq A44 are 
interchanged. In the infinite network all junctions are 

Solids; Prins, J. A., Ed.; North-Holland Publ.: Amsterdam. 
(4) Eichinger, B. E. Macromolecules 1972,5, 496. 
(5) Graessley, W. W. Macromolecules 1975, 8, 186. 
(6) Graesslev. W. W. Macromolecules 1975. 8.  865. 

equivalent, point i does not have to belong to the first tier, 
and eq 44 is valid for any two points of the network. 
Equation A44 gives the nondiagonal Of eq 52' 
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ABSTRACT The fluctuations of points along a network polymer chain are studied by using a geometrical 
approach. Specifically, the effects of macroscopic strain on these fluctuations and on the chain dimensions 
are analyzed. According to the present treatment, fluctuations ((Arij)') of the distance between two points 
i and j on a chain in a phantom network are strain dependent. The results are generalized to affine and real 
networks described by the constrained junction theory of Flory. The properties of phantom, affine, and real 
networks are compared in detail. 

Introduction 
In the preceding paper' the matrix method was used to 

calculate chain dimensions and fluctuations in phantom 
networks. This method is very powerful and enables one 
to calculate the fluctuations of any point along the chain 
and the mean-square fluctuations of the distance between 
any two points of the network which may be separated by 
several junctions. Its only disadvantage is mathematical 
complexity. 

In the present paper an alternative method is proposed 
which is based on simple geometrical considerations and 
an assumption of independence of fluctuations. The main 
advantage of this approach is its simplicity, although this 
treatment is limited only to points which belong to the 
same chain. Points which are separated by one or more 
($-functional) junctions cannot be treated by this method. 
Additionally, information about the fluctuations of junc- 
tions and fluctuations of the end-to-end vectors which is 
provided by the matrix method is needed. The preceding 
paper' focused on the fluctuations in an undeformed 
phantom network. Here we analyze the effect of macro- 
scopic strain on these fluctuations and on chain dimensions 
in phantom, affine, and real networks. 

In the first known paper devoted to the properties of 
a network at a length scale smaller than the end-to-end 
chain dimension, Pearson2 assumed that the vector rij 
which joins two points i and j on the chain a t  a given 
instant is 

(1) 

where pi, is the mean separation between points i and j and 
Arij represents the instantaneous fluctuation of this dis- 

rii = Pi, + Ari, 

0024-9297/89/2222-1432$01.50/0 

tance. He assumed that the mean separation Eij transforms 
affinely in the strained state, that is 

(2) 

while the fluctuations Arij are independent of the applied 
strain. The independence of the fluctuations Arij follows 
rigorously from the treatment of James,3 where points 
along the chains are considered as junctions in the primary 
configuration function of the network. In the present 
calculations, we consider only the multifunctional points 
as junctions. This leads, as shown below, to an alternative 
interpretation of the phantom network according to which 
the mean-square fluctuations ( (Ari j )2)  depend on the 
macroscopic strain although the mean-square fluctuations 
of the end-to-end vector ( ( A r ) 2 )  are strain independent. 

The results are generalized to Nine networks and to real 
networks described by the constrained junction theory of 
F10ry.~ This then permits detailed comparisons among 
phantom, affine, and real polymer networks. 

Dependence of Chain Dimensions and 
Fluctuations on Macroscopic Deformation 

With the insight gained in the preceding paper on 
fluctuations in a phantom network,' we can now analyze 
their dependence on macroscopic deformation. This is 
done here for phantom and affine networks and for real 
networks described by the constrained junction model.4 
Throughout the derivations, we confine attention to time 
averages for a single chain in the network as well as to 
ensemble averages. The former is emphasized in the in- 
terest of possibility extending the present treatment to 
viscoelastic phenomena in elastomeric networks. 

p. .  41 = xp. .  v ,o 
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